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✫

✩

✪

Maximum Principle

Theorem: If x∗(T ) is on the

boundary of the attainable set

K(T ) and u∗ : [0, T ] �→ Ω ⊂ Rm is

a corresponding control then there

is a non–zero vector–valued
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✫

✩

✪

function η(·) : [0, T ] �→ Rn so that

η̇(t) = −AT (t) η(t)

and

ηT (t) B(t) u∗(t) ≥ ηT (t) B(t) v

for all v ∈ Ω.
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✫

✩

✪

The Bushaw Problem

➤ Consider the system

ẋ = Ax(t) + bu(t)
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✫

✩

✪

where

A =



0 1

0 0


 and b =



0

1


 .

➤ The control is bounded by

|u(t)| ≤ 1.

➤ We seek K(T ; 0, 0)
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✫

✩

✪

Maximum Principle

➤ The adjoint system is

η̇ = −ATη

or

η̇1 = 0

η̇2 = −η1
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✫

✩

✪

➤

η(t) =




ηf
1

ηf
2 + ηf

1 (T − t)


 .

➤

〈η, bu〉 = 〈




η1

η2


 ,




0

1


〉u

= η2(t)u
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✫

✩

✪

➤ This implies

u∗(t) = +1 if η2(t) > 0

u∗(t) = −1 if η2(t) < 0

Note that η2(t) ≡ 0 implies

ηf
1 = ηf

2 = 0.

➤ Since η2(t) is affine, extremal

controls switch at most once.


