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4 Lagrangian-based Methods N

We seek

m}qn F(x) subject to c(x) =0 € R™
renr”

A sol’n (x*) minimizes the

Lagrangian

L(x,\*) in the null-space N (A(z*

N )
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/Augmented Lagrangian Methods

Using ideas of unconstrained
minimization we might try to

minimize

There is a finite p > 0 such

~

La(z, N, p) = L(z, A7) + p [lc(z)|°

/
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4 that (x*, \*) minimizes
ﬁA(mv >‘*7 P)

for all p > p.

Also known as the Method of
Multipliers (Hestenes)
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Projected Lagrangian Methods

Using linearly constrained

minimization we might try to

min L(x; + p, \*) p € N (A(xr))

/
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Note that
L(xk + p,\") = F(xr + p)
+ A c(xk + p)

We need an estimate for \*.
This can be done, for example,

by least-squares estimate

min lgr — AL A||?

/
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4 Projected Lagrangian Methods O

Our 1nitial formulation is

m}qn Pro(x) = F(x) — Ae(x)
recnr"

Subject to

c(z) + A(Z) - (x—&)=0€ R™

A

\ £ and A\ are current /
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/ estimates of the solution of our \

original problem
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4 Projected Lagrangian Methods N

To solve the (linearly

constrained) sub-problem we

form its Lagrangian

Lic(x,n) = Prc(x)
—n' * [A(®) - (x — Z) + ¢

\_ /
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Optimality for the sub-problem

leads to
g(z) — AT (@)X = AT(2)n

Suppose £ = x* and A= \*is

the solution to the original
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4 problem - then

our sub-problem

bro(x) = F(x)

-

+ AT [A(2) (z — 2)]

~

g(z”) — AT (z")A" = A" (z")n

This suggests that we modify

— Me(x)

/

10
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Now the optimality condition

for the modified sub-problem is

g(x) — AT(R)A + AT(2)A =
A% (2)n
At £ = x*, X = \* the modified

sub-problem has solution

T =x, N =\,

/

11
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Projected Lagrangian Methods

The sub-problem is linearly
constrained, but the cost

function ®; - is general.

Suppose we use a quadratic

approximation for Py .

-

/

12
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This is conveniently done in

terms of
P=x— &

Expand the cost function to

13
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second-order

Prc( 4+ p) = Prc(2)

OB
- Ox

_|_

+ (1/2)p"

T
p

dx

0P

| Ox®

14
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/ This leads to

Sro(® +p) = Pro(d)
+g(&)'p
52

+ (1/2)p"

| Ox®

(&,A)

15
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Sequential Quadratic

Programming

Second-order ‘cost’ function

(Ppr) and first-order constraints

/

16
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Leads to the sub-problem
min g7p + (1/2)p” Hyp
pER"

subject to Aipp +cp =0

Optimality for the sub-problem

/

17
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leads to:
H, —AT
A O

Pk

Mk

—Jdk

~

Note g; is the gradient of F' and

H; is the estimate of the

Hessian of the Lagrangian

Related linear system arises

/

18
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/ from Newton’s method for the \

optimality system

g(x) —A(x)IX =0
c(x) =0

19
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Projected Lagrangian Example

The problem is to

2

min x;x;

rER?

subject to

2 2
Z—wl—wz—O
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4 N

We find that
2
€T
g(xz) = i
2 L1 L9
and
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Further calculations reveal that\

0L 2 A 2 T

_8%2_ 2332 2 ()\—|—331)

A solution to the problem is

_—ﬂz/s)_ | —0.8165

—/(4/3) —1.1547
= J/(2/3) =~ 0.8165 _/
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Projected Lagrangian Example

We begin with the estimate

fi?O — o and 5\0 =1
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This leads to

1 A

: A(mO) — [2 2} :
2
0% L 2 —2
zare —2 0
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The quadratic sub-problem is

. P1
mlr% [ 2 2 }
pEX D2
2 —2 P1
‘|‘(1/2)[P1 Pz]
-2 0 P2

~




AOE 5244 - E.M. Cliff

6 subject to the linear constraint\

2p1+2p2+0=0

The solution is

1/6
D= and n = 5/6

—1/6
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4 N

Projected Lagrangian Example

The next 1terate 1s then

—5/6 X
il - and )\1 - 5/6

_7/6

The subsequent quadratic

\_ /
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sub-problem has

A 19/36 |
g(Z1) = , 61 = —1/18,
70/36

.A(il)::l:lo/ﬁ 14/6}9
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| Ox®

1

10/6 —14/6

—14/6 0

The solution is

p:

1/60
1/84

and n = 49/60

,/

10
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Leading to the next iterate

2%2:

and A\ = 49/60

—49/60
_97/84

2

—.8167

—1.1548

~ .8167

~

11



