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Nonlinearly Constrained Problems

IH%I F(x) subject to c(¥)=0 € IR™
re "

No complete characterization of

the feasible set

e.g.
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4 Implicit Function Theorem O

Suppose f(z° y°) =0

Can we solve for y(x) ?
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Implicit Function Theorem

We are given a mapping
f:DCR"X R"— XR™ that is
Cl on the region D, and a point
(%, y°) € D such that

f(x° y°) = 0 € R™. Suppose that

-
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he (m X m) Jacobian matrix

ofi Oh 0 f1
Jy1 Oy2 " °° Oym
Jy1 Oy2 """  uym |( \
L0y YO
Ofm Ofm 0fm
 OJy1 Oy2 " Oym _

is non-singular. Then there are

neighborhoods

\_
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/Sw of £° and S, of y°, such that N

for any £ € S, the equation

f(&,y) = 0 has a unique solution
y = h(z) € S,. Moreover, the
mapping h : S, — R™ is
differentiable with
9 h af\  [o7Ff
(o) (&)

\_ /
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/ Constrained Minimization \
2-D Case

Consider n = 2, m = 1.

1(rnir)1F(m, y) subject to c(x,y)=0.
z,y

Suppose (x*,y*) is a solution

\_ /
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f(wa yae)E

" Constrained Minimization

2-D Case

F(x,y)—F(x*,y*)+e

c(x, y)

Note that f(z*,y*,0) = 0 € IR?

% Suppose (x*,y*) is a solution o

f

~
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4 the problem and suppose

OF OF

Or Oy

dc Oc
i Or Oy 1 (@*,4%)
has rank two.

By the IFT we can solve for

T,y in terms of e.

\ Choose € > 0 and we have a

~
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point that satisfies the

contraints and yields

F(x,y) = F(z*,y*) — e < F(z*,y")

This means (x*,y*) is not a

\_

solution of the problem.
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/ The matrix

OF OF
Or Oy
dc Odc
i Ooxr Oy 1 (@* %)

must have rank less than two.

11



AOE 5244 - E.M. Cliff

4 N

Nonlinearly Constrained Problems

mlil? F(x) subject to c¢(¥)=0 € IR™
rcIR™

\_ /
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/If x* is a solution, then the matri

VF
VCl

Ve,
%k

— -~ T

must have rank less than m + 1.

\_

~

X

/
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4 N

Nonlinearly Constrained Problems

Lagrange Muliplier Theorem

IH%I F(x) subject to c(¥)=0 € IR™
re "

If £* is a solution, then there are

scalars A\g, A1,... , A\;n, not all zero,

\_ /
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/such that \

MVF +X\Vey1+...+A\,Ve,, =0

15



AOE 5244 - E.M. Cliff

4 N

Nonlinearly Constrained Problems

Lagrange Muliplier Theorem

Define the Lagrangian function

\_ /
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E(ZE, )\0, )\1, s oo o )\m) — AoF(f)
+) Ae(T)
1=1

If £* 1s a solution then there is

—

a Ag, A so that VL =0

When can we assume A\g =0 7

/

17



AOE 5244 - E.M. Cliff

6 Suppose that the matrix

V(Zl

Ve,

a_—/.’*

has full rank (= m), then
Ao 7 0.

-

~
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