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✫

✩

✪

Nonlinear Optimal Control

Problem

➤ We have a dynamic model

ẋ(t) = f(x(t), u(t))

➤ where f : Rn × Rm �→ Rn is

smooth.
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✫

✩

✪

➤ The (piecewise continuous)

control function

u(·) : [0, T ] �→ Ω ⊂ Rm

➤ An initial condition

x(0) = xo ∈ Rn is specified.

➤ A target set Θ1 ⊂ Rn

Θ1 ≡ {x ∈ Rn|θ1i (x)=0, i = 1, . . . , q}
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✫

✩

✪

➤ A real-valued cost functional

V (u(·), x(·)) ≡
∫ t1

0

fo(x(t), u(t))dt
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✫

✩

✪

A Minimum Principle

Preliminaries

➤ Define the augmented adjoint

vector

λ̃ ≡ (λo, λ1, . . . , λn)

➤ Define the augmented rhs
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✫

✩

✪

function

f̃(x, u) ≡ (fo, f1, . . . , fn)

➤ Define the variational

Hamiltonian

H(λ̃, x, u) ≡ < λ̃, f̃(x, u) >

= Σn
i=oλifi(x, u)
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✫

✩

✪

A Minimum Principle

Theorem: Pontryagin Minimum

Principle If the pair x∗(·), u∗(·)
are an optimal state–control pair

for our problem, then there exists

a real number λo, and a

vector–valued function
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✫

✩

✪

λ(·) : [0, t1] �→ Rn, such that:

➤ a) λo ≥ 0

➤ b) λ̇(t) = −∂H
∂ x

T

➤ c) λ(t1) ⊥ Θ1|x(t1)

➤ d) H(λ0, λ(t), x
∗(t), u) ≥

H(λ0, λ(t), x
∗(t), u∗(t)) = 0

for all v ∈ Ω
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✫

✩

✪

Transversality Condition

➤ Condition (c) : There exists

scalars µi, i = 1, . . . , q such

that:

λ(t1) = µ1 ∇θ1(x) + . . . µq ∇θq(x)


