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An Example

Zermelo’s Problem

➤ Our current version of the M.P.

admits only problems wherein

the end condition are in the

form θ1
i (x) = 0. Since our

Zermelo problem has a specified
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✪

final time we include an

additional state x3 ≡ τ

ẋ = cos θ + κy

ẏ = sin θ

τ̇ = 1

with −π ≤ θ ≤ π.
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✩
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➤ We are to minimize

J [x(·), u(·)] =
∫

− [cos θ + κy] dt

➤ with

τ (tf) − T = 0
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✫

✩
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Zermelo Problem

➤ The variational Hamiltonian is

H = (λx − λ0) [cos θ + κy]

+ λy sin θ + λτ

➤ The adjoint differential
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equations are

λ̇x = 0

λ̇y = −(λx − λ0)κ

λ̇τ = 0

➤ The terminal transversalty
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condition is

�λ(tf) = µ




0

0

1




or

λx(tf) = 0

λy(tf) = 0
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➤ This leads to

λy(t) = λ0κ(t − T )

➤ From minθ H we get

−(λx − λ0) sin θ + λy cos θ = 0

or (careful about quadrant here)

tan θ =
λy

(λx − λ0)
= κ(T − t)
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➤ Note the M.P. allows λ0 ≥ 0. If

λ0 = 0 then we get λy = 0. We

already have λx = 0 and the

condition H = 0 then implies

λτ = 0. Since we know that

(λ0, �λ) �= 0 we can rule out the

possibility that λ0 = 0.

➤ For our problem the optimal
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control is given by the rule

tan θ∗(t) = κ(T − t)

Note that tan θ∗(T ) = 0.


