Stability and Control
Some Characteristics of Lifting Surfaces, and Pitch-Moments

The lifting surfaces of avehicle generally include the wings, the horizontal and vertical
tail, and other surfaces such as canards, winglets, etc. What they all have in common is that there
purpose isto create an aerodynamic force and moment. Whether the surface isinfinite (2-D) or
finite (3-D), we can assign to it aforce and moment. Usually we designate a 2-D lifting surface
asan airfail, and a 3-D lifting surface asawing (or tail, or winglet, of whatever). Here all lifting
surfaces will be assigned the name - wing.

Generally the information concerning forces and moments on awing are determined from
wind tunnel tests or from computer codes. Unlike aforce, amoment must bereferred to a
specific reference point. Often time the information given is not referenced to the point of your
interest. Consequently we would like to be able to convert results referenced to one point to
equivalent information with respect to a different reference point. We will later use these same
ideas applied to a complete aircraft.

Consider two identical wings mounted in awind tunnel. One wing is supported at point
A, and the other at point B. At each of these support points there is an electronic “balance” used
to measure the forces and moments acting on the wing at those respective points. For smplicity
the wings will be represented as flat plates.

nce the wings are identical we can expect that the aerodynamic forces will be the same. The
moments will not be the same since the reference point is different. From this observation we
can state that:

L, =L,=1L Lift isthe same
and

D, =D, =D Drag isthe same

For the moment cal culation we will use the leading edge as a common reference point in both
cases (note that any common point could be used, point A would be a good choice also)



For system A

M,.=M, - LlAcosa - DlAsina

and similarly for system B

M, = M, - Lchoson - DZB sino;

where [, and 1, arethe distance from the leading edge to the points A and B respectively.

Since the wings are the same, the moments about the same point must be the same so that we can
set these two equations equal to each other. If we do that, we can then solve for either the
moment about A or the moment about B. Let us select the moment about B.

My, =M, + (Lcose. + Dsinee) (I, - 1,)

We generally like to deal with equationsin non-dimensional or coefficient form. Consequently
we will divide Eq. (1) byg S ¢ and obtain the coefficient form of the above equation.

. ly 1,
C =CmA + (C,cosa + Cpsine) (= - =) Q)
c c

mp

Eqg. (1) isthe general equation for the equivalent moment relation. Given a moment and forces at
one point on awing, what is the moment around another point? Eq. (1) answers that question.

If we deal with small angles of attack, then we can make a good simplifying
approximation to Eq. (1). If the angle-of-attack is small, then cosa = land sine = ¢. In
addition we can note that for most (efficient) lifting surfaces, L >> D and hence C, >> C,,. If

we compare the magnitudes of the termsin the first set of parentheses, we see we can compare
C,cosa = C, with Csine. = C,e. SinceC,, isaready significantly smaller than C,, and it

ismultiplied by the small «, the second term can be neglected compared with the first. Hence we
can make a good approximation of Eg. (1) with

Finally, we can introduce the definition of the non-dimensional distance behind the leading edge
of the wing,
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Then we can write the final form of the moment equation:

CB=CmA+CL(hB—hA) )

m

Note that the equation is equally valid if weinterchange A and B. As such we can write Eg. (2) in
the form

C1 :Cm2+CL(h1 - h,) ©)

m

where points 1 and 2 can be any two points on the wing.

It should be pointed out, that under the small angle assumption, the assumption the two
reference points are on the same reference line, and the assumption of a reasonable aerodynamic
efficiency, Eq. (3) can be applied to any body with aerodynamic forces and moments (including
the whole aircraft!)

Definition:  Aerodynamic Center - That point on alifting surface where the pitch-moment is
independent of lift (or angle-of-attack).

The aerodynamic center is usually located at approximately the quarter chord point
(h =0.25) for subsonic flight and at the half-chord point (h = 0.5) for supersonic flight. Although
the location of the aerodynamic center usually depends on the angle-of-attack (for any given
Mach number), we will assume that it isfixed. (If the aerodynamic model is linear, then the
aerodynamic center is fixed as will be shown next.

For our wing problem, we can estimate the location of the aerodynamic center from the
moment equation (3) if we know the aerodynamic properties about some other point (say B). Let
the location of the aerodynamic center be located adistance 7, ¢ behind the leading edge of the

wing. The pitch-moment about the aerodynamic center isgiven (Interms of a pitch moment
about the point B) as:

C, =C, +Cy(h, - hy)

m
acy

From the definition of the aerodynamic center, we can just take the derivative of the above
equation and set it equal to zero:

dcC dC dc,

+

da dao do

(h, - hp)



C

Further we can define the lift-curve lope as a,, = , Where the subscript, w, indicatesit’s
o

the lift-curve-slope of the wing.

Then, by rearranging the previous equation, and solving for , we have:

hnw = hb - a_ d(x (4)

We can make afew observations: If the lift-curveis linear with angle-of-attack, that is, it
isastraight line, then the lift-curve-slope a,,, is a constant (independent of ). Likewise with the

pitch-moment-curve-slope. Consequently, if the aerodynamic lift and pitch moment are linear
(straight lines vs apha), then the aerodynamic center location is constant.

Pitch-moment at zero lift

We can see from Eq. (3) (and for aspecial case of Eq. (1), where zero lift isat o =0), that
the pitch moment at any point on the wing is the same.
C1 = sz + C,(h - h2)|CL:0 =C

m n,

Therefore, since the points 1 and 2 can be anywhere on the wing chord line, the moment at zero
lift is the same at any point. Furthermore, since at the aerodynamic center the change in the pitch-
moment with angle of attack is zero, the pitch moment about the aerodynamic center must be
constant with changes in angle-of-attack. So that

¢, =C, =C, =C
or

Consequently it is convenient to select the aerodynamic center as areference point. If we do so,
then we can write the moment equation for an arbitrary location in the genera form:

Cp = Cpy * C(h = h,)

m

where C_ is the pitch-moment coefficient about the arbitrary point located at the distance 4 ¢
behind the leading edge of the mean aerodynamic chord.




Definition:  Center of Pressure - Point along the chord line, extended if necessary, about
which the pitch-moment is zero

C

m

Dy - CmOLw * CYLw(hcpw N hnw)

=0

We can solve for the center of pressure location:

Note that the center of pressure location changes with the lift coefficient.

Some Nomenclatur e and Definitions

In the above developments we defined some nomenclature that we will review here. At
the same time we will introduce some new nomenclature.

Lift-curve slope

Thelift-curve slope is the derivative of the lift coefficient with respect to the angle-of-

attack. We generally use a partial derivative since the lift coefficient depends upon other
variables (such as Mach number and pitch rate). Hence we have:

oC,

=a
oo L

(a, a, a,, a, a,...eic )
Pitch-moment curve slope

8cC,

Py :Cmu (c, ’Cmu’ )
ac,
ou| _19C,| ac,
8C,| a dal|, aC, Ma
oa ’



Lift coefficient
The lift coefficient can be represented in two ways:

C,=C, (e -a,)=C, a=aa

= CLO + CLaa
where
o= o - o
o, = angle-of-attack whenlift =0
CL0 = Lift coefficient when angle-of-attack = 0
= Al
O )
Cr
Coyr.
& CL(/
o o bar
These two graphsillustrate e, , CLO,
and o.
Example

Consider awind tunnel experiment where the wing is mounted at the 1/3 chord location.
For agiven airspeed, lift and pitch moment coefficients were recorded at several angles-of-attack.
The data obtained were as follows:

o C. Conws)
0.5 0.2 -0.02
3.0 0.4 0.0
55 0.6 0.02
8.0 0.8 0.04




we can calculate the lift-curve-slope and the pitch-moment-curve slope by differencing
two points on the curve (In general, you would plot the points and “fit” aa straight line through
the points. Here we can observethat it isa straight line). For the best accuracy pick the points on
the straight line that are furthest apart.

aC, AC _
a =2t 2o 08-02 06 08/4e = 458/ 1ad
aC, AC, 80-05 75

and
_9C, AC,  0.04-(-0.02) _ 0.06

C =
My do Aa 8.0-05

= 0.008 /deg + 0.458/rad

Then we can estimate the aerodynamic center of the wing as follows:

c
me 1
h"W:hB_ a 3

_0008 _ 5033 or  23.3%mac
0.08

We can determine the zero lift angle of attack by picking aline in the datatable and inserting it in
the lift coefficient equation:

C,=a,(a-0a,)=04=008(30-¢a,) = o, =-20deg
aternatively

=C, +a a4 =04 =C

L L, w ¥ L,

+ 0.08(3.0) - C =016

Ly U

Find the zero lift pitch-moment (also the pitch-moment about the aerodynamic center) from the
basic moment equation:

my,

C,=C, +C(h-h,)=004=C, = 0.8(%—0.233) - C, =-004

We could have selected another line in the data set, for example the linewhere C, = 0.

0=C, + 0.4(l -0.2333) = C, = -0.04
oL 3 —%or 00000
For balance (equilibrium) flight, C, = 0. So for our example problem the wing would be
balanced if the center-og-gravity were at the 1/3 chord location (1/3 ¢) when o = 3, and
C, = 04.If, for the sake of discussion, the wing weighed 200 Ibs and had S = 50 ft*. Then we

could determine that for sealevel conditions (p = 0.00238 slugs/ft*), V would have to be 91.67
ft/sec (from the definition of the lift coefficient, C_ =L / (%2 pV?S).



Suppose the cg were shifted to 0.4 ¢, what would the speed at which equilibrium flight
could be obtained? We need to determine the pitch-moment about the 0.4 chord location and set
it equal to zero. To do this we can use the general pitch moment equation:

c =C ot C,(h,-hy)

m, m
1

Cpy * CL(04-2) =0

Moy M3

Q
I

Presumably we could pick an o and eval uatele/3 andC, at that o until the above equation is

satisfied. However if we use the basic form of the moment equation using the aerodynamic center
the result is a bit more useful:

c, =C, +C,(h,~h )

my My,

0 =-0.04 + C,(0.4-0.2333)

Then, yo | W __ 200 - 118.47 ft/sec
12pSC,  \ 0.00238(50)0.2395

Note that for equilibrium flight, we must balance the lift with the weight, and keep the
moment equal to zero. If we shift the cg around, the requirement to balance the forces and the
moments makes it necessary to adjust our speed. In this case, as the cg is moved aft, the speed
increases. Be advised that this case is not the usual one as we will seein the next section.

-~ C,= 02395

This concludes the section on pitch-moments.



