Longitudinal Aircraft Dynamics

Previously we looked at a*“ pinned” aircraft motion in pitch and found the following
differential equation of motion:
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We now seek a method to extend our capabilities beyond a second order equation. To do
this, we will see how we can represent this same motion (pinned aircraft in pitch) in another form
that is easily extended to a higher dimension system. The method of approach isto replace the
single second order equation with two first order ordinary differential equations. We do this as
follows:
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Equation (3) isequivalent to Eq. (1). However inthisform it is convenient to write these
equationsin matrix form:
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We consider the variables whose derivatives appear to be “ state” variables since they tell
usthe “state” of the system. Here the state variablesare Aa and Ag. In order to determine a

solution to these ordinary differential equations, we can proceed just as we did for the second
order equation, we will assume solutions of the form:

Aa = C et Ag = C,e* (5)

If we substitute these guesses into Eq.(4) and note that the scalars e ** divide or cancel out (since
they are non-zero), we arrive at the following :
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We can rearrange this matrix by putting everything on the left hand side of the equation to get:
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Here we note that this matrix is just the negative of the original matrix with As added to the
diagonals. If we seek a solution to Eq. (6) for the C;, i = 1,2, for the case where the right hand

side is zero, then the only way we can get non-zero solutions for C, isif the determinant of the
coefficient matrix is zero. That iswe require
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Performing the determinant operation we get the characteristic equation:
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which is exactly the same as Eq. (2), the characteristic equation of the second order system!
Consequently, although the procedures were different, we arrived at the same result. However in
this form, the method can be extended to higher order systems since the matrix can be of any
dimension.

We can summarize the above results in a concise manner. If we consider the state vector
X to be avector whose components are the state variables. Inthiscase Aa and Ag. Thenwe
can write EqQ. (4) as.

X =Ax (10)
where A is called the system matrix (hereitisa?2 x 2 matrix), All the properties of the solution
are contained in the matrix A. These are extracted by forming the characteristic equation as

described in Egs. (7) and (8), that takes the form:

AL - 4] =0, (11)



wherel, isan nx nidentity matrix that isamatrix with 1son its diagona, and zeros elsewhere.

So the matrix in Eq. (11) has As on the diagonals with the negative of the elements of the system
matrix elsewhere and on the diagonals.

We can now extend this approach to the general longitudinal dynamics of an aircraft. The
procedureis similar to that used to develop al the equations of motion we used previously. First
we write the general equations of motion, then we examine a reference flight condition, and then
look at small motions away from that reference flight condition.

Longitudinal Flight Equations
The longitudinal flight equations of motion can be written in the following fashion using

the force equations along and perpendicular to the velocity. Then the general equations of motion
become:

T -D - mgsiny =mV,

L - mgcosy = mVy,
M=14q, (12)
y
q =6,

where V = airspeed
y = flight path angle (angle between velocity and local horizontal)
T = thrust
D =drag
m = mass
M = pitch moment
g = pitch rate
0 = pitch angle

Using the definition of state variables we introduced earlier, the state hereisx =[ V, y. g, 0]".
The other variablesin Eqg. (12) are not state variables, but are functions of the state variables (and
another type called control variables). It is necessary for us to assume what variables these
functions contain. Based on past experience, we will assume that the functions that appear in
Eq.(12) take the following form:

T =TV, e b,)

L=LV,a,q,3,)

D =DV, a,gq,b5,) (13)
M=MYV,uaq,3,)

¢« =a(y,0)=0-y



Note that in the functions we introduced three new variables, 8, &,. and o. Thefirst two are
control variables since their derivatives do not appear and they do not depend on any other
variables. o on the other hand isa function of other state variables. Since the angle of attack

appearsin al the other functions, it might me convenient (but not necessary) to use it as a state
variable and replace either the flight path angle or pitch angle as a state. We will make this

changeby usingtherelation o = 0 -y and & =0 - v.

If we rearrange Eq. (12) with the derivatives on the |eft and the remainder of the terms on
the right hand side of the equations, and make the substitution for ¢, we will get the equations of

motion in the following form:

V= l(T—D) - gsiny = f,
m
&=q—i—§cosy=f2,
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The functions now take the form:
T = T(V, a, 8,),
L =LV, a.gqb3,),
D =DV, ¢gq,3,), (15)
M=MV, «q,8,),
Yy =v(e, 0) =0 - a.

Note that the only change isin the last function which is now the flight path angle since the angle
of attack isnow astate. Thismay same like asmall detail, but it is an important one. We need to
establish the (four) states, and the functions. So now we have the following:

State variables : V,a,q, 0
Control variables: &, Oe (16)
Functions: T,L, D, M, y

We are now ready to proceed. We need to establish areference flight condition. We will
select a steady state reference flight condition which means that the state derivatives are zero.

Hence we get:
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These equations represent the conditions for a steady state reference flight condition. In principle
the contain six variables, the four state and the two control variables. In theory we can pick any
two and solve the four equations for the remaining four variables. Fortunately we do not have to
do that for what we are interested in doing. It is sufficient to say that such conditions can exist.

Equations (14) and (17) are in the form

X = flx,u),
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where x is the four component state vector ( 7, a, g, 6 Yand u is the two component control
vector (6, 8,). We now let the variables take on the value at the reference flight condition plus a

small disturbance:

Xor * Ax = j(xref+Ax, Uyt Au)

ref
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We can ignore the higher order terms, and note that the reference conditions are zero. What is |eft
isalinear ordinary differential equation with constant coefficients that has the form:

Ax = AAx + BAu (20)

where 4 is called the system matrix, and B is called the control matrix. Here we will hold the
control at the reference flight value so that Ax = 0. Hence we will be dealing with the equation in
the form:

A% = AAx (21)

where the matrix Ais given by:
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where the f; are the right hand sides in Eq. (14).

We can eva uate this system matrix by carrying out the operations specified in Eq.(22).
The calculations follow. We will do the calculations by column, taking the derivatives of all the
functions with respect to the same state variable:

V derivatives.
off _1(ar oD
— == == - = (24)
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of 1 1 9L 1 oL
- = [L-mgecosy] - ——| = -——_— (25)
AV mp? myav| . mV oV,

Note that thetermin [ ] is zero when evaluated at the reference flight condition (see Eq. (17)).
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Here we see that the known function y = 0 - o appearsin the derivative so we need to use the
chainrule: 9f _ 9f 9y . a—f(—l).
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These results can be assembled back into the system matrix. We will use the short-hand

notation for the dimensional derivatives, oL = L,, €c.

1 1 1
;(TV—DV) ;(Ta—Da)+gcosy ;D
L
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0 0 1
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Equation (43) isageneral longitudinal system matrix for an aircraft (or any other atmospheric
vehicle). The only assumptions made were that the thrust is along the velocity vector, and that

there are no functions that depend on é.

The individual terms are calculated by performing the indicated operation and evaluating



the result and the reference flight condition. The result of al this activity will be a matrix full of
numbers! Some examples follow that will aso define new non-dimensional stability derivatives.
For example:

oD 9C, _
D,=—"—=_=2¢g8S + C,pVS
v v T ey 7T 0P
aC 2C, p V28
= —DaS + %
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= —CDVqS =+ 2_D
vV Ve
The exact same forms hold for the lift coefficient :
oL oC, _
L,=—=—=¢4q8 +C,pVS
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and the moment coefficient:
qSc
M, = Cqu— (46)
ref
Note that in the reference flight condition M/, . = 0, and hence the second term is missing.
The alpha derivatives are straight forward:
D, = CDﬁS .
La - CLuqS ref (47)
M —

- C, 75
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The q derivatives are not so straight forward, but we have encountered them before:

Dq - ¢, quc
ref
_c 45¢
b” Gy, (48)
~ o2
M, = G 7
ref

Example: We can illustrate the procedure by doing an example. The non-dimensional derivatives
will be supplied as needed. First we will assume that the aircraft isajet, and that the thrust is
independent of speed and angle of attack, thus T, and T, = 0. Further, the mass of the vehicle

isgivenby m = — = ——— = 1187.29 slugs. Theaircraft is at sealevel and flying at 223.28

ft/sec. Consequently we have ¢S = 1/2(0.00238) 223.28% (542.5) = 32184.47 Ibs. Thedragis
caculated from: D = C, ¢S = 0.095 (32184.47) = 3057.52 lbs

apg =

1 1 (4 2(3057.52)
m

T,-D,) = = -0.0231
(Ty = Dy) 1187.29 223.28 )

Here we assumed no compressibility effects so that CDV: 0.

1
1187.29

a, = —%Du +geosy = (0.75)32184.47 + 32.174(1) = 11.8434

Here we assume level flight.

1
a; = ;Dq =0; a,, = —gcosy = -32.174

Here we assume no drag dependence on pitchrate (C,, = 0), and level flight.
q

a4y = L --12L_ 28 _ 202174 _ 443
mvV mV vV V2 223.28?
Here we assume no compressibility effects and level flight, lift = weight.
a,, = _LLa + ESinY = -C, q—S = -5.0 32184.47 = -0.6070
mV Vv emV 1187.29(223.28)

Here we assume level flight (y = 0).
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a23=1—m—qV=1; a24=—%51ny=0

Herewe assumethat C, = 0, and level flight (y = 0)
q

Y, o

o, = o _ ¢ 45C _ g 3218447(1093) _ s
I « I 35773
M, gsc? 32184.47(10.93%)

a, = —1=C, = -8.0 = -0.5073
L @ 2V 2(223.28

and a,, = 0.

If we substitute these numbers into the matrix we have:

[-0.0231 11.8434 0  -32.174]
-0.0013 -0.6070 1.0 0
451 0 2073 05013 0
0 0 1 0

The characteristic equation is determined from the determinant of [AL, - 4] set=0.

[1+0.0231 -11.8434 0 32.174 |
0.0013 A+0.6070 -1.0 0
[AI, - 4] =
0 20733 A+0.5073 0
0 0 -1 A

The determinant of this matrix will give afourth order polynomial in A, which, when set
equal to zero is the characteristic equation for this system:

A+ bA + A2+ dAh+e=0

Consequently there are four routes to this equation. There can be 4 real roots, 2 real roots and a
complex conjugate pair, or two complex conjugate pairs. Rea roots indicate the motionislike a
first order system, while complex conjugate pairs indicate an oscillatory motion.



The solution to this 4" order polynomial, in this case turns out to be two complex
conjugate pairs:

A
A

-0.0046 = i0.1910

12

34 = —0.5641 + i1.4343
Hence the longitudinal motions (in the variables, V, «, q, and 6) are oscillatory. There two

“modes’ of motion, each one having the properties associated with one of the eigenvalue pairs.
For example the motion associated with these values of A have the following properties:

A,

1,2

t, = —82  _1507sec T, = 21 -3200sec T = —L_ =2172 sec
0.0046 01910 0.0046

A

3,4

t, = —82 _123sec T, =-—2"_ -438sec T =—— = 177 sec
0.5650 P 14343 0.564

The first motion isreferred to as the long period motion or the “Phugoid” mode of motion, while
the second motion isreferred to as the short period mode of motion. Hence in the usual case, the
longitudinal motion consists of two oscillatory modes, the short period and the phugoid. We can
now as the question as to how much each variable participates in the motion.

Eigenvectors
The answer to how much each variable participates in each motion is obtained by solving

for the elgenvectors associated with each characteristic (or eigen) value. Actually, all we are
doing is solving for the values of the C;that appear in Eq. (7). Lets repeat what we are trying to

do. We started with the set of equations that can be concisaly written asin Eqg. (10):
Ax = AAx (49)

where x iswritten as Axto remind us that we are dealing with small changes away from the
reference flight condition.

o a

Then we assumed a solution where Ax = Ce*, where C = {  }, aconstant associated

n

0



with each of the states, Ax =

Vv
o

. If substitute this solution into the original equation, Eq.(49),
q

0

divide through by the scalars e **, and rearrange, the resulting a gebraic equation can be put in
the form:

[u4 - A]{C} = {0} (50)

Equation (50) is the generalization of Eq. (7) to (in this case) four variables (or dimensions). The
only way we can solve for C, isfor the determinant of the coefficient matrix to be zero:

|[M4—A]|=|M4—A| =0 (51)

Equation (51) is the characteristic equation for this system and its roots are the characteristic
values or eigenvalues of the system. If, indeed, we set Ain Eq. (50) equal to one of these
characteristic values, we should then be able to solve Eq. (50) for unique valuesof C,,i=1,2,3, 4.

These values form the four components of the eigenvector associated with that particular
eigenvalue. Since there are, in this case, four eigenvalues, there are four different eigenvectors.
Details on how to obtain these eigenvectors will not be developed here. Suffice it to say that for
all practical purposes, every square matrix (A), has a set of eigenvalues and corresponding
eigenvectors. It' s the eigenvectors that tell us the participation of each state variable in a particlar
motion.

If we are given a square matrix, then the MATLAB function [U, D} = eig(A) will provide
the eigenvalues (the diagonal elements of D) and the corresponding eigenvectors (the columns of
U). We can note that if the eigenvalue isreal, the corresponding eigenvector will bereal. If the
eigenvalue is complex, the corresponding eigenvalue will be complex. Interpreting the complex
component of velocity, angle of attack, pitch rate, and pitch angle requires some thought. The
easiest way to discuss thisideaiswith an example.

For our example we had the phugoid mode with the eigenvalue and eigenvector given by
(from MATLAB}:

A, = -0.0046 + i0.1910

AV

“1.0 o+ 1.0 @180 °
g - 0.0004 +0.0059 - 0.0059 @ 86.12 ° o JAe
17 -0.0011 + 70.0001 - 0.0011 @ 174.80 ° Ag
0.0007 + i 0.0060 - 0.00604 @ 83.34 ° A6

Note that A, and 172 are just the complex conjugates of the above and represent the same



motion. SO we only need to consider one of the roots.

and the short period mode with the eigenvalue and eigenvector given by:

Ay = -0.5641 + i1.4343

0.9908 = 0.9908 @ 0 deg (0 rad) Av

g - ~0.0244 - i0.0188 = 0.0308 @ 217.61 deg(3.798 rad) g |Ae
37 0.0617 + i0.0915 = 0.1104 @ 17.54 deg (0.306 rad) Ag
0.0406 - 0.0590 = 0.0716 @ 304.53 deg (5.315 rad) A6

Again, A, and U , arejust the complex conjugates of the above and represent the same motion,
so we only have to consider one of the roots.

To interpret these eigenvectors, it is convenient to look at the phase angle form of the
complex numbers. Here we have a magnitude and phase angle and can think of each component
of the eigenvector in itself avector with a magnitude and direction. If we recall that our original
equations had dimensions, we can think of the magnitudes of each component as the
participation of that state in the motion.

The short period mode:

Thethird (and fourth) root is the short period motion. Here (from the eigenvalue) we see
that the variables will oscillate with a period of 4.381 sec. Further if the amplitude of the velocity
oscillation is 0.9908 ft/sec. Then the amplitude of the angle of attack will be 0.0308 rad (1.76
deg), the amplitude of the pitch rateis 0.1104 rad/sec (6.32 deg/sec) and the ptich angle
amplitudeis 0.0716 rad (4.10 deg). Hence we have a (relatively) large participation in the pitch
angle and pitch rate, significant participation in angle of attack, and little (1 ft/sec compared to
the reference velocity off 223 ft/sec). Hence this motion is primarily a pitching motion about the
cg. Although all the variables are oscillating at the same frequency, they all do not reach their
maximums or minimums at the same time. The difference in time when these maximums occur
is (loosely) called the phase. Recalling material from vibrations and control, we can write the
oscillation of avariable as

Ax = Ccos(wt + ¢) (52)

where C is the amplitude of the motion, and ¢ isthe phase angle of the motion. Here we can
identify C with the amplitude of a component of the eigenvector, and ¢ with the argument of the
component of the eigenvector. For our short period example we can write:



AV = 0.9908 cos ( 1.4343-¢)

Ao = 0.0303 cos(1.4343-¢ + 3.798)
Ag = 0.1104 cos (1.4343-¢ + 0.306)
A© = 0.0716 cos(1.4343¢ + 5.315)

These values must be multiplied by the exponential e = e “%-31'/ to make the amplitude
decreasein time.

All these results can be summarized in a simple diagram in the complex plane. Just plot
the components of the eigenvector in the complex plane and draw a vector from the origin to
each point plotted (four vectors, one for each component) Then consider all of these vectorsto be
rotating at the same (positive) angular rate w ( here = 1.4343 rad/sec) and shrinking according to
the exponential e”*. The projection of these rotating vectors on the real axis represents the
oscillatory motion of each state. The relative amplitudes of the oscillations are given by the
amplitudes of the eigenvector components. The angles between them are called the phase angles.
In our example, al phase angles are measured with respect to the velocity vector (MATLAB’S
choice). We can say for example, that th angle of attack |eads the velocity by 217.61 degrees, The
pitch rate leads the velocity by 17.54 degrees and lags the angle of attack by 200.07 degrees, etc.

The Phugoid Mode

The phugoid mode can be examined in the same fashion. In particular, we can say that all
the states will oscillate with a period of 32.90 seconds. The amplitudes of the oscillations are
given by the magnitudes of the components of the eigenvector. Again, recalling that these are
dimensional equations, we see that the deviations of the states from their reference conditions
are: velocity 1.0 ft/sec, angle of attack, 0.33 degrees, pitch rate, 0.063 deg/sec, and for the pitch
angle, 0.346 deg. The numbers here are significantly smaller than those for the short period
motion. We can conclude that there is little pitch motion and that velocity is a dominant
contributor to this motion. We can also discuss the phase lead or lag of the various components
with each other. For example the angle of attack leads the velocity by 86.12 degrees and the pitch
angle by 2.78 degrees, etc.

Further study (not done here) indicates that the phugoid mode is close to a constant
energy motion, with an interchange between kinetic and potential energy. Consider avehicle eith
the controls set to balance a 223 ft/sec as in our example aircraft. Now suppose nothing was
changed except that the speed was lowered dlightly (same angle of attack). Then the lift would be
less than the weight and the aircraft would drop. As it does so the speed will pick up (potential to
kinetic energy) and eventually, the speed will increase enough to make the lift greater than the
weight and the aircraft will start to climb. Asit climbs, it loses speed and hence lift so it falls
again and the cycle is repeated. Since the motion is lightly damped, this oscillatory motion can
continue for several minutes before it damps out. Here for example, the time to half amplitudeis
150 secondss or well over two minutes. Four time constants would be about 14 minutes!



Lateral-Directional Motions

The lateral-directional equations are developed in asimilar manner, although the

calculations are slightly more difficult because the derivatives of more than one state variable
appear in the same equation. After considerable effort, the lateral-directiona matrix for the state
variables:x = [AB, Ap, Ar, Ad 17 isgiven by:
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For the light aircraft called the Navion, we can fill in the numbers to get:

[ -0.2545 0
~16.0472
4.5710

1

The eigenvalues and eigenvectors are given by:

Rolling Convergence

A, = -8.4498
~0.0076
B, -1.0
J, =
~0.0410
0.1183

Hence the motion is a pure subsidence with atime to half amplitude of ¢, = 0.082 seconds.

-1 -0.1823]
-8.4172 2.1967 0
~0.3505 -0.7618 0

0 0

AB

&
Il

(53)

Further more the participation of each state variable in the mode is for each rad/sec of roll rate (p
= 1rad/sec, 57.3 deg/sec), the sidedlip angleis 0.44 degrees, yaw rate, r = 2.34 deg/second, and

theroll angleis 6.78 degrees. It is clear that the main motion associated with this motion isroll
rate. Thismode is called the rolling convergence mode of motion. It justifies that the pure roll
approximation we used earlier is agood approximation.



The Spiral Mode

A, = -0.0082
0.0283 AP
. ~-0.0082 . |ap
U, = U =
0.1754 Ar
1.0 A

Hereit is clear that the roll angle exceeds the sidedlip angle and the yaw rate exceeds the roll rate.
Furthermore the roll and yaw are in the same direction. Remember, all the magnitudes are
shrinking since the mode is stable. The result is a banked turn that has little sideslip. Thismodeis
called the spiral mode and in many aircraft it is unstable. However sinceit takes so long to half (or
double) amplitude, an unstable vehicle is not a problem. Here the time to half amplitudeis 84.5
Sec.

The Dutch Roll Mode

Ay = -0.4879 + i2.3516 (A, = -0.4879 - i2.3516)
-0.1084 + i0.4370 = 0.4503 @ 103.93 deg
7 0.2255 - i0.8534 = 0.8827 @ -75.2 deg
3| 09355 +i0.3533 =1.0 @ 20.69 deg
-0.3670 - i0.0197 = 0.3675 @ -176.92 deg

Here we have an oscillatory motion with the alarge yaw rate and an ailmost as large aroll rate.
Further the magnitudes of the sideslip angle and roll angle are nearly the same, with the sideslip
angle slightly larger. This mode then is yaw mode in beta and yaw rate (smilar to our pinned
aircraft) but there is also a significant amount of roll oscillation in the roll rate and roll angle.
Hence our pinned approximation is not too good for this mode. We see that the sideslip angle
leads the roll angle by 79.15 degrees which says that when the sideslip angle is at max deflection,
theroll angle is near zero deflection. Similarly, the yaw angle leads the roll angle by 95.89
degrees and a similar statement can be made regarding the max yaw rate and roll rate. This mode
isaroll-yaw oscillation and is called the Dutch Roll.



